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M∑
i=1
(
m
(j)
i −m(j)i,
)2(
m
(j)
i −m(j)i,
)2
+ ξ2j
=
∥∥Wj(m(j) −m(j))∥∥22 j = 1, 2. !
-
 
  
  
  
    #   % 
   # j 	  

   
 j = 1, 2 (
   	 
 		    	   
∇m
(‖W (m−m)‖22) = ∇m ((W (m−m))T (W (m−m))) .!
= 2
(
∇m
(
W (m−m)
))
W (m−m) . /!
  	
	 	
	 

  
 
W (m−m ) =
(
m1 −m1, √(
m1 −m1, 
)2
+ ξ2
, . . . ,
mM −mM, √(
mM −mM, 
)2
+ ξ2
)T
	

  
∂
∂m
⎛⎝ mi −mi, √(
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 ∇m(j) y(k) = 0 	 k = j /  
W5(y
(1) − y(2)) =
⎛⎜⎝ y
(1)
1 − y(2)1√(
y
(1)
1 − y(2)1
)2
+ ξ25
, . . . ,
y
(1)
M − y(2)M√(
y
(1)
M − y(2)M
)2
+ ξ25
⎞⎟⎠
T
"#$0%

  
  	     "##)%  	 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∂
∂y
(1)

⎛⎜⎜⎝ y(1)i − y(2)i√(
y
(1)
i − y(2)i
)2
+ ξ25
⎞⎟⎟⎠ = δi ξ25((
y
(1)
i − y(2)i
)2
+ ξ25
)3/2 , i = 1, . . . ,M.
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  j = 2   	
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∂
∂y
(2)

⎛⎝ y(1)i − y(2)i√(
y
(1)
i − y(2)i
)2
+ ξ25
⎞⎠
= δi
−((y(1)i − y(2)i )2 + ξ25)1/2 − (y(1)i − y(2)i )[−(y(1)i − y(2)i )((y(1)i − y(2)i )2 + ξ25)−1/2]
(y
(1)
i − y(2)i )2 + ξ25
= δi
−(y(1)i − y(2)i )2 − ξ25 + (y(1)i − y(2)i )2(
(y
(1)
i − y(2)i )2 + ξ25
)3/2
= δi
−ξ25(
(y
(1)
i − y(2)i )2 + ξ25
)3/2 , i = 1, . . . ,M. 
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∂
∂y
(j)

⎛⎝ y(1)i − y(2)i√(
y
(1)
i − y(2)i
)2
+ ξ25
⎞⎠ = δi(−1)j−1ξ25 ((y(1)i − y(2)i )2 + ξ25)−3/2 j = 1, 2,

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∇y(j)
(
W5
(
y(1) − y(2))) = (−1)j−1ξ25 	
(((
y
(1)
i − y(2)i
)2
+ ξ25
)−3/2
i=1,...,M
)
= (−1)j−1ξ25W 35 #
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	
∇m(j) y(j) = ∇m(j) y(m(j)) = ∇m(j)
(
y
(j)
1 , . . . , y
(j)
M
)T
j = 1, 2. 
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 % G =
(
GTx1 , G
T
x2
, GTx3
)T
! 
∇x m =
⎛⎜⎝
∂
∂x1
m1(x)
∂
∂x1
m2(x) . . .
∂
∂x1
mM(x)
∂
∂x2
m1(x)
∂
∂x2
m2(x) . . .
∂
∂x2
mM(x)
∂
∂x3
m1(x)
∂
∂x3
m2(x) . . .
∂
∂x3
mM(x)
⎞⎟⎠ ≈
⎛⎜⎝
(
Gx1m(x)
)T(
Gx2m(x)
)T(
Gx3m(x)
)T
⎞⎟⎠ )
 Gxt 	  M × M 	 "  " ﬁ
	 	ﬀ
 %%		
 " 
 		 	 %   %	 	
 xt t = 1, 2, 3   " " 
	 % 	  

 
 %
 
  	
 
  
!  %	
 "  		* !+  !
 
  %		 " " G  	
  	

,
		
 ﬁ  %	 	
 %%		
 "  i-  %

 mi(x)
 
∇x mi ≈
(
(Gx1)i∗m, (Gx2)i∗m, (Gx3)i∗m
)T
= (SiG)m = gi i = 1, . . . ,M, .
  	
	 	
	 

  
  (Gxt)i∗   i 	  	
   Gxt  t = 1, 2, 3  Si   		
  	
  3× 3M   
Si =
⎛⎜⎝ eTieTM+i
eT2M+i
⎞⎟⎠ =
(
0 . . . 1 . . . 0 0        0 0        0
)
 0        0 0 . . . 1 . . . 0 0        0
0        0 0        0 0 . . . 1 . . . 0
↑ ↑ ↑
i M + i 2M + i

	  SiG   3 × M   gi   3 × 1 	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∇m (∇x mi) ≈ ∇m gi = ∇m
(
SiGm
)
=
(
∇m m
)(
SiG
)T
= GTSTi . 
    
∇m
(‖∇x mi‖22) ≈ ∇m (gTi gi) = 2(∇m gi)gi
= 2
(
SiG
)T
gi = 2
(
SiG
)T (
SiG
)
m !
    M × 1 	 	 "		 #$ 
z(mi) = ‖∇x mi‖22  yi = z(mi)/
(
z(mi) + ξ
2
)
  ξ  ξ3 	 ξ4 
	    % $ 	    & 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∂yi
∂m
=
∂
∂m
(
z(mi)
z(mi) + ξ2
)
= δi
ξ2(
z(mi) + ξ2
)2 ∂∂m
(
z(mi)
)
, i = 1, . . . ,M.
'
(   	#
∇m yi(m) =
(
∇m z(mi)
)( d
dz
yi(z)
)
≈ 2
(
ξ2
(
z(mi) + ξ
2
)−2)
GTSTi SiGm i = 1, . . . ,M. &)
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	 j = 1, 2,
∇m(j) y(j) ≈
[
GTST1 S1Gm
(j) . . . GTSTMSMGm
(j)
]
· 
((
2ξ2j+2
(‖∇x m(j)i ‖22 + ξ2j+2)−2)
i=1,...,M
)
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⎛⎜⎝S1G   
SMG
⎞⎟⎠ = ((SiG)i=1,...,M) &.
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  
    3M ×M2 	
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
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 
   DTD = ((GTSTi SiG)i=1,...,M) [
GTST1 S1Gm
(j) . . . GTSTMSMGm
(j)
]
=
=
(
IM . . . IM
)⎛⎜⎝G
TST1 S1G
  
GTSTMSMG
⎞⎟⎠
⎛⎜⎝m
(j)
  
m(j)
⎞⎟⎠
=
(
1TM ⊗ IM
)
DTD
(
IM ⊗m(j)
)
, 
 	
	 1M = (1, . . . , 1)
T  	 M × 1  IM  	 M ×M 	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∇m(j)   = 2
(
∇m(j) y(j)
)(
∇y(j)
(
W5(y
(1) − y(2))))W5(y(1) − y(2)) 
≈ 2
[(
1TM ⊗ IM
)
DTD
(
IM ⊗m(j)
)

((
2ξ2j+2
(‖∇x m(j)i ‖22 + ξ2j+2)−2)
i=1,...,M
)]
·
[
(−1)j−1ξ25W 35
]
W5(y
(1) − y(2))
= (−1)j−14ξ2j+2ξ25
[
GTST1 S1Gm
(j) . . . GTSTMSMGm
(j)
]
· 
(((‖∇x m(j)i ‖22 + ξ2j+2)−2)
i=1,...,M
)
W 45 (y
(1) − y(2))
&
= (−1)j−14ξ2j+2ξ25
[(
1TM ⊗ IM
)
DTD
(
IM ⊗m(j)
)]
· 
(((‖∇x m(j)i ‖22 + ξ2j+2)−2)
i=1,...,M
)
W 45 (y
(1) − y(2))
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∇2mm  ≈ γ
(
H
(1,1)
1 +H
(1,1)
2 +H
(1,1)
3 H
(1,2)
3
H
(2,1)
3 H
(2,2)
1 +H
(2,2)
2 +H
(2,2)
3
)

 γ = 0  	 	
  	
	 	
	 

 
HG =






CT1
i = 1






CT2
i = 2
· · ·






CTM
i = M
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∇2m(k)m(j)  = ∇m(k)
(
∇m(j)  
)
!
= γj
{(
∇m(k)
[
GTST1 S1Gm
(j) . . . GTSTMSMGm
(j)
])
· 
(((‖∇x m(j)i ‖22 + ξ2j+2)−2)
i=1,...,M
)
W 45 (y
(1) − y(2))
"
+
[
GTST1 S1Gm
(j) . . . GTSTMSMGm
(j)
]
·
(
∇m(k) 
(((‖∇x m(j)i ‖22 + ξ2j+2)−2)
i=1,...,M
))
·W 45 (y(1) − y(2))
#
+
[
GTST1 S1Gm
(j) . . . GTSTMSMGm
(j)
]
· 
(((‖∇x m(j)i ‖22 + ξ2j+2)−2)
i=1,...,M
)
· ∇m(k)
(
W 45 (y
(1) − y(2))
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(j)
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= δkjC
T
i ∀i 
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v(j) = 

(((‖∇x m(j)i ‖22 + ξ2j+2)−2)
i=1,...,M
)
W 45 (y
(1) − y(2)) j = 1, 2,
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v
(j)
i =
y
(1)
i − y(2)i(∥∥∇x m(j)i ∥∥22 + ξ2j+2)2((y(1)i − y(2)i )2 + ξ25)2 i = 1, . . . ,M.
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∇m(k)
((∥∥∇x m(j)i ∥∥22 + ξ2j+2)−2) ≈ −2δkj(∥∥∇x m(j)i ∥∥22 + ξ2j+2)−3∇m(k) (∥∥∇x m(j)i ∥∥22)
≈ −4δkj
(∥∥∇x m(j)i ∥∥22 + ξ2j+2)−3Cim(j) )& 
= δkjw
(i,j)
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H
(k,j)
D = ∇m(k)
(


(((‖∇x m(j)i ‖22 + ξ2j+2)−2)
i=1,...,M
))
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H
(k,j)
D
)
∗,i,∗
≈
[
0 . . . 0 δkjw
(i,j) 0 . . . 0
]
↑
i 	
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HD =








w(1)
0
i = 1








0
w(2)
0
i = 2
· · ·








0
w(M)
i = M
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 s = W 45 (y
(1) − y(2))    %  
si =
y
(1)
i − y(2)i((
y
(1)
i − y(2)i
)2
+ ξ25
)2 i = 1, . . . ,M.
&  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H
(k,j)
D s ≈ δkj
[
s1w
(1,j) s2w
(2,j) . . . sMw
(M,j)
]
   M ×M  '   ()   !ﬁ! !   M ×M 

H
(k,j)
2 = δkj
[
C1m
(j) C2m
(j) . . . CMm
(j)
]
·
[
s1w
(1,j) s2w
(2,j) . . . sMw
(M,j)
]
.
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∂
∂y
(j)

⎛⎜⎝ y(1)i − y(2)i((
y
(1)
i − y(2)i
)2
+ ξ25
)2
⎞⎟⎠
= δi
(
(y
(1)
i − y(2)i )2 + ξ25
)−4[
(−1)j−1((y(1)i − y(2)i )2 + ξ25)2
− (y(1)i − y(2)i )2
(
(y
(1)
i − y(2)i )2 + ξ25
)
2
(
y
(1)
i − y(2)i
)
(−1)j−1
]
= (−1)j−1δi
(
(y
(1)
i − y(2)i )2 + ξ25
)−3[
(y
(1)
i − y(2)i )2 + ξ25 − 4(y(1)i − y(2)i )2
]
= (−1)j−1δi
ξ25 − 3
(
y
(1)
i − y(2)i
)2(
(y
(1)
i − y(2)i )2 + ξ25
)3 j = 1, 2, , i = 1, . . . ,M.
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∇y(j)
(
W 45
(
y(1) − y(2))) = (−1)j−1
⎛⎜⎝
⎛⎜⎝ ξ25 − 3(y(1)i − y(2)i )2((
y
(1)
i − y(2)i
)2
+ ξ25
)3
⎞⎟⎠
i=1,...,M
⎞⎟⎠
= (−1)j−1W 65 
((
ξ25 − 3
(
y
(1)
i − y(2)i
)2)
i=1,...,M
)
. 	
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∇m(k) y(j) ≈ δkj
[
C1m
(j) . . . CMm
(j)
]

((
2ξ2j+2
(‖∇x m(j)i ‖22 + ξ2j+2)−2)
i=1,...,M
)
.
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∇m(k)
(
W 45 (y
(1) − y(2))
)
≈ [C1m(k) . . . CMm(k)]
· 
((
2ξ2k+2
(‖∇x m(k)i ‖22 + ξ2k+2)−2)
i=1,...,M
)
· (−1)k−1W 65 
((
ξ25 − 3
(
y
(1)
i − y(2)i
)2)
i=1,...,M
)
= (−1)k−12ξ2k+2
[
C1m
(k) . . . CMm
(k)
]
W 65
· 
⎛⎝( ξ25 − 3(y(1)i − y(2)i )2(‖∇x m(k)i ‖22 + ξ2k+2)2
)
i=1,...,M
⎞⎠ 	
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H
(k,j)
3 =
[
C1m
(j) . . . CMm
(j)
]
· 
(((‖∇x m(j)i ‖22 + ξ2j+2)−2)
i=1,...,M
)
· (−1)k−12ξ2k+2
[
C1m
(k) . . . CMm
(k)
]
W 65
· 
⎛⎝( ξ25 − 3(y(1)i − y(2)i )2(‖∇x m(k)i ‖22 + ξ2j+2)2
)
i=1,...,M
⎞⎠
= (−1)k−12ξ2k+2
· [C1m(j) . . . CMm(j)] (((‖∇x m(j)i ‖22 + ξ2j+2)−2)
i=1,...,M
)
· [C1m(k) . . . CMm(k)] (((‖∇x m(k)i ‖22 + ξ2k+2)−2)
i=1,...,M
)
·W 65 
((
ξ25 − 3
(
y
(1)
i − y(2)i
)2)
i=1,...,M
)
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W 65 
(
ξ25 − 3
(
y
(1)
i − y(2)i
)2)
= 
⎛⎜⎜⎜⎝
⎛⎜⎜⎜⎝ ξ25 − 3
(
y
(1)
i − y(2)i
)2((
y
(1)
i − y(2)i
)2
+ ξ25
)3
⎞⎟⎟⎟⎠
i=1,...,M
⎞⎟⎟⎟⎠ . 	

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H
(j,j)
3 ≈ (−1)j−12ξ2j+2
([
C1m
(j) . . . CMm
(j)
] · ((‖∇x m(j)i ‖22 + ξ2j+2)−2))2
·W 65 
((
ξ25 − 3
(
y
(1)
i − y(2)i
)2)
i=1,...,M
)
. 	
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  H
(k,j)
3  M ×M         H(k,j)3 = 0  
k = j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∇2mm  ≈ γ
{(
H
(1,1)
1 0
0 H
(2,2)
1
)
+
(
H
(1,1)
2 0
0 H
(2,2)
2
)
+
(
H
(1,1)
3 H
(1,2)
3
H
(2,1)
3 H
(2,2)
3
)}
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= γ
(
H
(1,1)
1 +H
(1,1)
2 +H
(1,1)
3 H
(1,2)
3
H
(2,1)
3 H
(2,2)
1 +H
(2,2)
2 +H
(2,2)
3
)
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∂ mi(x)
∂x1
≈ Δx1mi =
mi+1 −mi
h1
   L1 − 1  !    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Bx1 =
1
h1
⎛⎜⎜⎜⎜⎜⎝
−1 1
−1 1
  
  
−1 1
0
⎞⎟⎟⎟⎟⎟⎠
⎫⎪⎪⎬⎪⎪⎭L1 − 1 
L1×L1
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Gx1 =
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Bx1
Bx1
  
Bx1
⎞⎟⎟⎟⎠
L×L
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(
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)
i,i
= 1/h22 + 1/h
2
3 &(
Ci
)
k,k
= 1/h22, k = i+ L1, &(
Ci
)
k,k
= 1/h23, k = i+ L1L2, &(
Ci
)
k,i
=
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Ci
)
i,k
= −1/h22, k = i+ L1, &(
Ci
)
k,i
=
(
Ci
)
i,k
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C3 =
(i) (i+ 1) (i+ L1) (i+ L1L2)
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⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
. . . 1/h22 + 1/h
2
3 0 . . . −1/h22 . . . −1/h23 ← (i)
. . . 0 0 ← (i+ 1)

  
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
  
. . . −1/h23 1/h23 ← (i+ L1L2)
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)
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)
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)
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= −1/h21, k = i+ 1, -(
Ci
)
k,i
=
(
Ci
)
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. . . 1/h21 + 1/h
2
3 −1/h21 . . . 0 . . . −1/h23 ← (i)
. . . −1/h21 1/h21 ← (i+ 1)

  
. . . 0 0 ← (i+ L1)

  
. . . −1/h23 1/h23 ← (i+ L1L2)
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= 1/h21 + 1/h
2
2 !(
Ci
)
k,k
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)
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)
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)
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)
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= 1/h22, k = i+ L1, 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C33 =
(i) (i+ 1) (i+ L1) (i+ L1L2)
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. . . 1/h22 0 . . . −1/h22 . . . 0 ← (i)
. . . 0 0 ← (i+ 1)

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. . . −1/h22 1/h22 ← (i+ L1)

  
. . . 0 0 ← (i+ L1L2)
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)
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)
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)
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T (S58G) 
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C35 =
(i) (i+ 1) (i+ L1) (i+ L1L2)
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


⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
. . . 1/h21 −1/h21 . . . 0 . . . 0 ← (i)
. . . −1/h21 1/h21 ← (i+ 1)

  
. . . 0 0 ← (i+ L1)

  
. . . 0 0 ← (i+ L1L2)
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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 	$
A =
⎛⎝x 0 0 00 0 x x
0 0 0 0
⎞⎠ B =
⎛⎜⎜⎝
0 x 0 0 x
x x 0 0 0
0 0 0 0 0
x 0 0 0 x
⎞⎟⎟⎠ C =
⎛⎜⎜⎜⎜⎝
0 0 0
x 0 0
0 0 x
0 x 0
x 0 0
⎞⎟⎟⎟⎟⎠
       R = ABC
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R =
⎛⎝x 0 0x 0 0
0 0 0
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RA = {i ∈ {1, . . . ,m} | ∃ aij = 0, 1 ≤ j ≤ n}
CA = {j ∈ {1, . . . , n} | ∃ aij = 0, 1 ≤ i ≤ m}
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JA(i) = {j ∈ {1, . . . , n} | aij = 0}
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IA(j) = {i ∈ {1, . . . ,m} | aij = 0}.
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  x 0 0 0
A :  0 0 x x
 0 0 0 0
     
  0 x 0 0 x
B :  x x 0 0 0
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 x 0 0 0 x
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  0 0 0
 x 0 0
C :  0 0 x
 0 x 0
 x 0 0
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NAB(i, j) = {k ∈ {1, . . . , n} | aikbkj = 0, k ∈ JA(i) ∩ IB(j), ∀i ∈ RA, ∀j ∈ CB} .
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ηAB(i, j) = #NAB(i, j) ≤ min
i∈RA,j∈CB
{JA(i), IB(j)} ≤ min{κA, τB}.
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νC = #{i ∈ {1, . . . , p} | ∃ cij = 0, 1 ≤ j ≤ q}
μC = #{j ∈ {1, . . . , q} | ∃ cij = 0, 1 ≤ i ≤ p}
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νAB ≤ νA , μAB ≤ μB
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